In this paper the dynamic analysis of 3-D beam elements restrained at their edges by the most general linear torsional, transverse or longitudinal boundary conditions and subjected in arbitrarily distributed dynamic twisting, bending, transverse or longitudinal loading is presented. For the solution of the problem at hand, a boundary element method is developed for the construction of the 14 · 14 stiffness matrix and the corresponding nodal load vector of a member of an arbitrarily shaped simply or multiply connected cross section, taking into account both warping and shear deformation effects, which together with the respective mass and damping matrices lead to the formulation of the equation of motion. To account for shear deformations, the concept of shear deformation coefficients is used, defining these factors using a strain energy approach. Eight boundary value problems with respect to the variable along the bar angle of twist, to the primary warping function, to a fictitious function, to the beam transverse and longitudinal displacements and to two stress functions are formulated and solved employing a pure BEM approach that is only boundary discretization is used. Both free and forced transverse, longitudinal or torsional vibrations are considered, taking also into account effects of transverse, longitudinal, rotatory, torsional and warping inertia and damping resistance. Numerical examples are presented to illustrate the method and demonstrate its efficiency and accuracy. The influence of the warping effect especially in members of open form cross section is analyzed through examples demonstrating the importance of the inclusion of the warping degrees of freedom in the dynamic analysis of a space frame. Moreover, the discrepancy in the dynamic analysis of a member of a spatial structure arising from the ignorance of the shear deformation effect necessitates the inclusion of this additional effect, especially in thick walled cross section members.
Introduction
One of the problems often encountered in engineering practice is the dynamic analysis of rectilinear or curved members of structures, subjected to vibratory transverse, longitudinal or twisting loading. The dynamic forces acting on a structure may result from one or more of different causes, such as rotating machinery, wind, symmetric and asymmetric traffic loading, blast loads or earthquake forces. The extensive use of the aforementioned structural elements necessitates a rigorous dynamic analysis. However, accurate dynamic analysis is difficult to achieve for two reasons.
According to the first reason, general commercial programs consider six degrees of freedom at each node of a member of a space frame, ignoring in this way the warping effects due to the corresponding restraint at the ends of the member (Murin and Kutis, 2002; Murin, 1999; Murin, 1998) . If the aforementioned structures are analyzed or designed for torsion considering only the effect of Saint Venant torsion resistance, the analysis may underestimate the torsion in the members and the design may be unconservative. Several researchers tried to overcome this inaccuracy by developing a 14 · 14 member stiffness matrix including torsional warping degrees of freedom at the ends of a member with open thin-walled homogeneous cross section and assuming simple (Reilly, 1972; Barsoum and Gallagher, 1970; Waldron, 1985; Waldron, 1986) or more complicated torsional boundary conditions (Yang and McGuire, 1984; Ahmed and Weisgerber, 1996) .
According to the second reason, the aforementioned commercial programs ignore shear deformations due to the fact that they are unable to compute shear correction factors. Though these deformations are quite small in most civil engineering applications, they may be dominant in some situations, where bending moments are small compared to shear forces acting on the member. This is normally true in short span beams or in structural systems such as curved box girder bridges.
In this paper the dynamic analysis of 3-D beam elements restrained at their edges by the most general linear torsional, transverse or longitudinal boundary conditions and subjected in arbitrarily distributed dynamic twisting, bending, transverse or longitudinal loading is presented. For the solution of the problem at hand, a boundary element method (Katsikadelis, 2002) is developed for the construction of the 14 · 14 stiffness matrix and the corresponding nodal load vector, of a member of an arbitrarily shaped simply or multiply connected cross section, taking into account both warping and shear deformation effects, which together with the respective mass and damping matrices lead to the formulation of the equation of motion. To account for shear deformations, the concept of shear deformation coefficients is used. In this investigation the definition of these factors is accomplished using a strain energy approach (Bach and Baumann, 1924; Stojek, 1964) , instead of Timoshenko's (Timoshenko and Goodier, 1984 ) and Cowper's (Cowper, 1966) definitions, for which several authors (Schramm et al., 1994; Schramm et al., 1997) have pointed out that one obtains unsatisfactory results or definitions given by other researchers (Stephen, 1980; Hutchinson, 2001) , for which these factors take negative values. Eight boundary value problems with respect to the variable along the bar angle of twist, to the primary warping function, to a fictitious function, to the beam transverse and longitudinal displacements and to two stress functions are formulated and solved employing a pure BEM approach that is only boundary discretization is used. Both free and forced transverse, longitudinal or torsional vibrations are considered, taking also into account effects of transverse, longitudinal, rotatory, torsional and warping inertia and damping resistance. Numerical examples are presented to illustrate the method and demonstrate its efficiency and accuracy. The influence of the warping effect especially in members of open form cross section is analyzed through examples demonstrating the importance of the inclusion of the warping degrees of freedom in the dynamic analysis of a space frame. Moreover, the discrepancy in the dynamic analysis of a member of a spatial structure arising from the ignorance of the shear deformation effect necessitates the inclusion of this additional effect, especially in thick walled cross section members.
Statement of the problem
Consider a prismatic 3-D beam element of length l with an arbitrarily shaped cross section, occupying the two dimensional multiply connected region X of the y, z plane bounded by the K + 1 curves C 1 , C 2 , . . . , C K , C K+1 , as shown in Fig. 1 . These boundary curves are piecewise smooth, i.e. they may have a finite number of corners. The material of the beam, with modulus of elasticity E, shear modulus G, Poisson's ratio m and mass density q is assumed homogeneous, isotropic and linearly elastic. Without loss of generality, it may be assumed that Cỹz and Myz are the principal systems of axes through the cross section's centroid and shear center, respectively.
In order to include the warping behaviour in the study of the aforementioned element in each node at the element ends a seventh degree of freedom is added to the well known six DOFs of the classical three-dimensional frame element. The additional DOF is the first derivative of the angle of twist h 0 x ¼ dh x =dx denoting the rate of change of the angle of twist h x = h x (x, t), which can be regarded as the torsional curvature (Fig. 2 ) of the cross section. Thus, the nodal displacement vector in the local coordinate system, as shown in Fig. 1a , can be written as
and the corresponding nodal load vector as
The nodal displacement and load vectors given in Eqs. (1) and (2) are related with the 14 · 14 local stiffness matrix of the spatial beam element written as ð3Þ where the k i Tn ðn ¼ 1; 2; 3; 4; 5; 6Þ stiffness coefficients contain the torsional warping effects, while the k i lm stiffness coefficients (l, m = 2, 3, 5, 6, 9, 10, 12, 13) contain the shear deformation effects following the so called Timoshenko beam theory. The evaluation of the coefficients of the 14 · 14 stiffness matrix of Eq. (3), of the nodal load vector of Eq. (2) and of the mass and damping matrices presumes the solution of four initial boundary value problems with respect to the variable along the bar angle of twist and to the beam transverse and longitudinal displacements that are analyzed in the following.
Bar torsional vibration
Defining as EC M and GI x the cross section's warping and torsional rigidities, respectively, where C M and I x are its warping and torsion constants and ignoring the additional inertia forces caused by the eccentricity between the cross section's centroid and shear center, the angle of twist h x = h x (x, t) of the bar subjected to the arbitrarily distributed dynamic twisting moment m x = m x (x, t) is governed by the following initial boundary value problem (Tanaka and Bercin, 1997; Prokić, 2005 )
ð 6a; bÞ where _ h x ðx; tÞ ¼ oh x =ot is the first derivative of the angle of twist with respect to time; h x ðxÞ, _ h x ðxÞ are the initial angle of twist and the corresponding initial velocity of the points of the bar axis; c t is the torsional damping constant per unit length; I M p is the polar moment of inertia of the cross section with respect to the shear center M (see Fig. 1 ) given as
Moreover, c xi , d xi (i = 1, 2, 3) are functions specified at the boundary of the bar.
are the twisting moment and the warping moment due to the torsional curvature at the bar ends, respectively given as (Sapountzakis and Mokos, 2003 )
ox 2 ð8a; bÞ where M P x is the primary twisting moment resulting from primary shear stress distribution and M S x is the secondary twisting moment resulting from secondary shear stress distribution due to warping given as
The solution of the initial boundary value problem given from Eqs. (4), (5a,b), (6a,b), which represents the dynamic nonuniform torsion problem of bars, presumes the evaluation of the warping and torsion constants C M and I x , respectively, which are given as (Sapountzakis and Mokos, 2003) 
where u P M ðy; zÞ is the primary warping function with respect to the shear center M of the cross section of the bar.
Beam transverse vibrations
Defining as EIỹ, EIz the cross section's flexural rigidities with Iỹ, Iz its bending moments of inertia with respect to the principal centroidal axesỹ,z and as GAỹ, GAz its shear rigidities of the Timoshenko's beam theory, where
are the shear areas with respect toỹ,z, respectively with jỹ, jz the shear correction factors, aỹ, az the shear deformation coefficients and A the cross section area, the beam transverse displacement uz ¼ uzðx; tÞ subjected to the dynamic arbitrarily distributed transverse loading p~z ¼ p~zðx; tÞ and to the dynamic arbitrarily distributed bending moment mỹ ¼ mỹðx; tÞ (see Fig. 1 ) is governed by the following initial boundary value problem (Humar, 2002 )
inside the beam ð13Þ
uzðx; 0Þ ¼ uzðxÞ _ uzðx; 0Þ ¼ _ uzðxÞ ð 15a; bÞ where _ uzðx; tÞ ¼ ouz=ot is the first derivative of the transverse displacement uz with respect to time; uzðxÞ, _ uzðxÞ are the initial transverse displacement and the corresponding initial velocity of the points of the beam axis and cz is the flexural damping constant per unit length with respect toz axis. Moreover, cz i , dz i ði ¼ 1; 2; 3Þ are functions specified at the boundary of the beam, while in Eqs. (14a,b) Q~z ¼ Q~zðx; tÞ is the shear force and Mỹ ¼ Mỹðx; tÞ the bending moment at the beam ends given as
Similarly, the beam transverse displacement uỹ ¼ uỹðx; tÞ subjected to the dynamic arbitrarily distributed transverse loading pỹ ¼ pỹðx; tÞ and to the dynamic arbitrarily distributed bending moment mz ¼ mzðx; tÞ is governed by the following initial boundary value problem:
inside the beam ð17Þ
uỹðx; 0Þ ¼ uỹðxÞ _ uỹðx; 0Þ ¼ _ uỹðxÞ ð 19a; bÞ where _ uỹðx; tÞ ¼ ouỹ=ot is the first derivative of the transverse displacement uỹ with respect to time; uỹðxÞ, _ uỹðxÞ are the initial transverse displacement and the corresponding initial velocity of the points of the beam axis and cỹ is the flexural damping constant per unit length with respect toỹ axis.
Furthermore, cỹ i , dỹ i ði ¼ 1; 2; 3Þ are functions specified at the boundary of the beam, while in Eqs. (18a,b) Qỹ ¼ Qỹðx; tÞ is the shear force and Mz ¼ Mzðx; tÞ the bending moment at the boundary of the beam given as
The solution of the initial boundary value problems given from Eqs. (13), (14a,b), (15a,b) and (17), (18a,b), (19a,b)which represent the transverse vibrations of beams, presumes the evaluation of the shear deformation coefficients az, aỹ, respectively, corresponding to the principal centroidal system of axes Cỹz. These coefficients are established equating the approximate formula of the shear strain energy per unit length (Schramm et al., 1997 )
with the exact one given from
and are obtained as (Sapountzakis and Mokos, 2005) aỹ
½ðrHÞ À e Á ½ðrHÞ À e dX ð23aÞ
where ðsxzÞ j ; ðsxỹÞ j are the transverse (direct) shear stress components, ($) i y (o/oy) + i z (o/oz) is a symbolic vector with iỹ; iz the unit vectors alongỹ andz axes, respectively, D is given from
mis the Poisson's ratio of the cross section material, e and d are vectors defined as
and Hðỹ;zÞ, Uðỹ;zÞ are stress functions, which are evaluated from the solution of the following Neumann type boundary value problems (Sapountzakis and Mokos, 2005 )
where n is the outward normal vector to the boundary C. In the case of negligible shear deformations az ¼ aỹ ¼ 0.
Bar axial vibration
Defining as EA the cross section's axial rigidity, the longitudinal displacement ux ¼ uxðx; tÞ of the beam subjected to the arbitrarily distributed dynamic longitudinal loading px ¼ pxðx; tÞ is governed by the following initial boundary value problem
uxðx; 0Þ ¼ uxðxÞ _ uxðx; 0Þ ¼ _ uxðxÞ ð 30a; bÞ where _ uxðx; tÞ ¼ oux=ot is the first derivative of the longitudinal displacement ux with respect to time; uxðxÞ, _ uxðxÞ are the initial longitudinal displacement and the corresponding initial velocity of the points of the bar axis; cx is the axial damping constant per unit length; cx i ði ¼ 1; 2; 3Þ are functions specified at the boundary of the beam and N ¼ N ðx; tÞ is the axial reaction at the bar ends given as
3. Integral representations-numerical solution 3.1. For the angle of twist h x and the transverse uz, uỹ and longitudinal ux displacements
The numerical solution of the initial boundary value problems described by Eqs. (4), (5a,b), (6a,b), (13), (14a,b), (15a,b), (17), (18a,b), (19a,b) and (28), (29), (30a,b) is similar. Their solution can be accomplished using a BEM-based method, employing a boundary integral equation approach as this is presented in Sapountzakis (2000) or in Katsikadelis and Tsiatas (2004) . In this paper following the formulation presented in Sapountzakis (2000) , say for the first of the aforementioned boundary value problems, the discretized form of the integral representation for the angle of twist h x = h x (x, t) at any interior point of the bar and at any instant is obtained as
where
are the values of the derivatives of the angle of twist h x = h x (x, t) at the L nodal points along the bar axis, while
are the values of the boundary quantities at the bar ends x = 0,L. Moreover, in Eq. (32) {C x }, {D x }, {E x }, {F x } are 1 · L, while {A xi } (i = 1, 2, 3, 4) are 1 · 2 known coefficient row matrices and B x is a known coefficient. Writing Eq. (32) for the L nodal points and eliminating the values of the function o 2 h x /ox 2 at these points and of the boundary quantities h x , oh x /ox, o 2 h x /ox 2 , o 3 h x /ox 3 at the bar ends x = 0,L, the following typical equation of motion of the bar for the angle of twist h x = h x (x, t) is obtained as
where Similarly, the equations of motion of the beam for the transverse uz, uỹ and longitudinal ux displacements are formulated and the k i lm stiffness coefficients (l, m = 1, 2, 3, 5, 6, 8, 9, 10, 12, 13) of the 14 · 14 stiffness matrix of Eq. (3) are established. Since the stiffness matrix, the consistent mass and damping matrices and the nodal load vector of a spatial beam element are established, the equation of motion of a space frame can be formulated using the finite element method as 
we obtain the following typical eigenvalue problem
from which the eigenfrequencies x i (1, 2, . . . , N) and the corresponding mode shapes {U i } (1, 2, . . . , N) of the space frame can be established, where N is its (dynamic) degrees of freedom, {W} is an arbitrary vector,
F][M] would be recognized as the dynamic matrix of the space frame and [F] = [K]
À1 is its flexibility matrix.
For the primary warping function ðu
The evaluation of the primary warping function u P M is accomplished using BEM as this is presented in Sapountzakis (2000) .
For the stress functions H(y, z) and U(y, z)
The evaluation of the stress functions H(y, z) and U(y, z) is accomplished using BEM as this is presented in Sapountzakis and Mokos (2005) .
Numerical examples
On the basis of the analytical and numerical procedures presented in the previous sections, a computer program has been written and representative examples have been studied to demonstrate the efficiency, wherever possible the accuracy and the range of applications of the developed method. 6 , e M = 1.99620EÀ01 m (eccentricity between centroid C and center of twist M) has been studied (Fig. 3) . In Fig. 4 the boundary distribution of the primary warping function u P M of the cross section of the cantilever beam is presented. From this figure it follows that warping is not constant along the thickness of the cross section walls as it is assumed in Thin Tube Theory for thin walled beams. In Table 1 the first five eigenfrequencies of the axially free vibrating beam are presented as compared wherever possible with those obtained from an analytic solution employing a continuous system (Humar, 2002) Table 2 the first five eigenfrequencies of the torsionally free vibrating beam are presented as compared with those obtained ignoring warping behavior (12 degrees of freedom of the classical three-dimensional frame element), with those obtained taking into account or ignoring warping inertia (with 14 d.o.f.) and wherever possible with those obtained from a three dimensional finite element solution (MSC/NASTRAN, 1999) using 1599 10-noded tetrahedron solid elements (Fig. 5) . From this table, the accuracy of the results of the proposed method is once more verified, the ignorance of the warping behavior proves to be prohibitive, while the discrepancy of the results arising from the ignorance of the warping inertia especially in higher eigenfrequencies is remarkable. Moreover, in Fig. 7 the first mode shape obtained from the 3-D FEM solution and the first three modeshapes obtained from the proposed solution employing either the 12 d.o.f. classical three-dimensional frame element or the 14 d.o.f. one taking into account the warping inertia are presented. With regard to the computed mode shapes, though the nodal patterns of corresponding modeshapes remain the same, the normalized modal angles of twist are significantly different. In Table 3 the first five eigenfrequencies of the transversely free vibrating beam are presented as compared with those obtained taking into account or ignoring shear deformation, with those obtained taking into account or ignoring rotary inertia and wherever possible with those obtained from a three dimensional finite element solution (MSC/NASTRAN, 1999) using 1599 10-noded tetrahedron solid elements (Fig. 5) . From this table, the accuracy of the results of the proposed method (comparison between the results of the 3-D FEM solution and those obtained taking into account both shear deformation and rotary inertia) is once more verified, the ignorance of the shear deformation proves to be prohibitive, while the discrepancy of the computed mode shapes, though the nodal patterns of corresponding modeshapes remain the same, the normalized modal deflections are significantly different. According to the forced vibrations case, in Tables 4  and 5 taking into account or ignoring warping behavior, warping inertia and shear deformation, rotary inertia, respectively. Moreover, in Fig. 9 the time history of the angle of twist h x at the free end of the cantilever beam is presented as compared with this obtained ignoring warping behavior, while in Fig. 10 the time history of the deflection in z-direction uz at the same point is presented as compared with this obtained ignoring shear deformation effect. The conclusions drawn for the free vibrations case are also verified for the forced vibrations one. (Fig. 11) . In Fig. 12 the boundary distribution of the primary warping function u P M of the beam cross section is presented. From this figure, as it was stated for the first example, warping is not constant along the thickness of the cross section walls as it is assumed in Thin Tube Theory for thin walled beams. In Table 6 the first five eigenperiods of the free vibrating discretized structural model (Fig. 13) of the curved beam are presented as compared with those obtained taking into account or ignoring warping behavior (14 instead of 12 d.o.f.), shear deformation and rotary, torsional and warping inertia. Moreover, the presented curved beam has been examined in forced vibrations induced by the accelerogram of Athens Earthquake at September 7, 1999 (Fig. 14) , multiplied by the scaling factor k ¼ 0:7ðmax € u g ¼ 1:81 m=s 2 ; t ¼ 4 sÞ and applied to the vertical degrees of freedom of the discretized structural model Beam length (m) ( Fig. 13) . In Fig. 15 the deflection dynamic magnification factors
along the curved clamped beam are presented taking into account or ignoring shear deformation and rotary, torsional and warping inertia. Finally, in Fig. 16 the time history of the deflection in z-direction uz at section C (Fig. 11) is presented as compared with this obtained ignoring shear deformation effect. From these last two figures the effect of shear deformation is once more pronounced.
Concluding remarks
In this paper the dynamic analysis of 3-D beam elements restrained at their edges by the most general linear torsional, transverse or longitudinal boundary conditions and subjected in arbitrarily distributed dynamic twisting, transverse or longitudinal loading is presented. For the solution of the problem at hand, a boundary Time ( element method is developed for the construction of the 14 · 14 stiffness matrix and the corresponding nodal load vector, of a member of an arbitrarily shaped simply or multiply connected cross section, taking into account both warping and shear deformation effects, which together with the respective mass and damping matrices lead to the formulation of the equation of motion. To account for shear deformations, the concept of shear deformation coefficients is used. Both free and forced transverse, longitudinal or torsional vibrations are considered, taking also into account effects of transverse, longitudinal, rotatory, torsional and warping inertia and damping resistance. The main conclusions that can be drawn from this investigation are 
